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Abstract

This paper describes a method for estimating agents’ perceived returns to choices

when prices are imperfectly known to agents. This method assumes agent knowl-

edge of an accounting identity that relates profits, revenues, and costs rather than

eliciting or assuming agent beliefs about structural parameters that are estimated

by researchers. This assumption implies a constraint on the effect of price on the

perceived return latent variable in a standard binary choice model, where consis-

tent estimates of perceived returns require instruments that induce price variation

that is both exogenous and known to agents. I demonstrate the method and the

importance of using price variation that is known to agents in a series of data

simulations.
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1. Introduction

This paper describes a method for estimating distributions of perceived private returns to

binary choices. These structural perceived returns estimates are of distributions of agents’

compensating variation associated with a binary choice. This method complements pro-

gram evaluation methods that estimate effects of specific policy shocks on binary choices

by allowing for predictions of counterfactual policies that differ from past policies in

magnitude or targeted population. Identification is achieved by assuming common agent

knowledge of an identity that relates prices to returns, while also using instruments that

are de facto known to agents, in the sense that they shift perceived prices the same

amount that they shift actual prices, in addition to satisfying the traditional exclusion

restriction of being independent of idiosyncratic preferences for investment.

The insights of this paper apply broadly to a wide variety of consumer purchasing

decisions and investment decisions. In the case of health investments, such as surgeries,

prices are frequently not posted and agents must make decisions about the net benefits

of a procedure based on their best guess of pecuniary costs. Similarly, prices of many

investment decisions, such as housing via adjustable interest rates or schooling via tuition

shocks, may evolve after the purchase decision is made in ways that agents cannot forecast.

In a lighter example, agents may make routine decisions such as grocery purchases based

on historical prices without responding to recent price changes.1 In all cases, estimating

effects of ex post realized price changes on agent preferences for the good or service may

not be informative about the agents’ likely responses to well-publicized counterfactual

pricing regimes.

This paper presents a special case of a general method for identifying the scale of

binary choice models by making assumptions about agent beliefs about a chosen vari-

able observed by the researcher and assuming a mapping between that variable and the

perceived return latent variable. Existing work that makes such assumptions includes

1The last example is particularly interesting because a grocery store estimating demand elasticities
for their products using random experiments sounds like a near-perfect empirical strategy, yet could be
particularly vulnerable to the concerns described in this paper if comparing agent purchase responses to
prices immediately before and after price changes.

2



Cunha, Heckman, and Navarro (2005), who assume agent knowledge of their lifetime pe-

cuniary return to college insofar as it is attributable to explanatory variables observed by

the researcher, and Dickstein and Morales (2018), who assume partial agent knowledge of

trade revenues and agent knowledge of an estimated demand elasticity parameter. The

present paper permits information frictions on prices that are similar to those in Dick-

stein and Morales (2018) while assuming agent knowledge that prices causally decrease

returns dollar for dollar in accordance with an identity that relates profits, revenues, and

costs. The use of this identity imposes a theoretical restriction on a structural parameter

(the coefficient on price in the binary choice latent variable equation) without requiring

its estimation by researchers or agents. Avoiding the assumption that agents obtain the

same estimate of a parameter as researchers addresses the concerns articulated by Man-

ski (1993, 2004) about problems with separately identifying preferences and beliefs from

choice data.

The method in the present paper avoids assuming rational expectations on any model

objects, instead assuming that the variation in prices associated with chosen instruments

is known to agents regardless of whether agents are correct about prices on average. This

makes it particularly attractive in applications where rational expectations assumptions in

general are suspect, but the researcher can credibly argue that a particular price shock is

nonetheless known to agents. Considering the example of college attendance, it is possible

that exogenous policy shocks may shift realized prices more than they shift perceived

prices, as with Pell grants (Hansen, 1983; Kane, 1995), they may shift perceived prices

more than they shift realized prices, as with the Michigan HAIL policy (Dynarski, Libassi,

Michelmore, and Owen, 2018), or they may shift realized prices and perceived prices the

same amount, as with the Social Security Student Benefit termination (Dynarski, 2003).

Of these preceding sources of variation, only the last would be appropriate for estimating

the model presented in this paper. In addition to college attendance, attractive targets for

this method include health insurance or procedure purchases, home purchases, R&D, and

export decisions due to the substantial information frictions on prices in these settings.

In addition to considerations regarding the relative credibility of different assumptions
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on agent beliefs, applications also differ in data availability. The method described in

this paper relies on cross-sectional data that contains binary choices on investments and

prices associated with those investments. Methods that rely on rational expectations

on ex post returns to investments require longitudinal data (without requiring data on

prices), as in Cunha, Heckman, and Navarro (2005) and related research surveyed by

Cunha and Heckman (2007). Meanwhile, inferring beliefs by eliciting them directly from

agents requires surveys that contain this information, as in Jensen (2010), Wiswall and

Zafar (2015), and Bleemer and Zafar (2018). The method described in this paper is thus

useful in settings where there is no clear winner in terms of assumption validity, but when

longitudinal data and data on agent perceptions is unavailable.

I describe how to estimate perceived returns when prices are known to agents and

exogenous, and how to overcome violations of these conditions using instrumental vari-

ables. I compare performance of these methods with valid and invalid instruments across

data generating processes that differ in the assumptions on agent knowledge of prices.

In the most realistic settings, methods that make no use of instruments, or which use

instruments that are correlated with agent misperceptions, perform poorly compared to

those that use instruments that are de facto known to agents.

In practice, the insights of this paper suggest that applied researchers should care-

fully select instruments that induce known variation in prices when considering effects

of counterfactual price changes on purchase decisions. In the example of college costs,

such instruments would include well-publicized tuition shocks, such as the Social Security

Benefit termination (Dynarski, 2003). In the case of consumption goods, it is likely that

price changes over long time intervals are known to agents, as in the yearly price shock

instruments used by Allcott, Diamond, Dubé, Handbury, Rahkovsky, and Schnell (2019),

whereas price changes over short time intervals might not be known to agents. When

price variation is potentially unknown to agents, as in the Affordable Care Act health

insurance price subsidies, it is still possible to describe agent responses to actual changes

in prices, as in Frean, Gruber, and Sommers (2017). However, counterfactual inference

may be imperilled if agents have more or less information about proposed counterfactual
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price changes than they do about the source of variation used to estimate price responses.

The plan of the rest of this paper is as follows. Section 2 introduces the empirical

model. Section 3 describes the econometric strategy and the assumptions required for

identification. Section 4 evaluates the robustness of the methods to various empirical

challenges in a series of simulated data exercises. Section 5 concludes.

2. Model

I assume that agents choose whether to make an investment based on their beliefs about

outcomes and costs associated with choices, which I present as a two-sector generalized

Roy (1951) model. Agents choose to select the investment, Si = 1, or to not do so,

Si = 0, which is observed by the researcher. I define Ỹ1,i as agent i’s perceived discounted

present value of lifetime income associated with choosing the investment and Ỹ0,i as their

perceived discounted present value of lifetime income associated with not doing so. I

further define C̃i as their perceived net present value cost of making the investment,

which includes prices paid and nonpecuniary costs expressed in monetary values. Unlike

common applications of the Roy model, none of Ỹ1,i, Ỹ0,i, and C̃i are observed by the

researcher for any individual because they represent agent perceptions.

I express the perceived potential incomes and costs for individual i with the following

linear-in-parameters production functions,

Ỹ1,i =Xiβ1 + ε̃1,i

Ỹ0,i =Xiβ0 + ε̃0,i

C̃i =XiβC + P̃ ricei + ε̃C,i.

(1)

Here, Xi are variables observed by the researcher that determine potential incomes and

costs. The parameter vectors (β1, β0, βC) capture the extent to which these variables

drive beliefs about potential outcomes regardless of whether they are known to agents.

P̃ ricei is the agent’s perceived price for the investment, which is known to agents but not
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to researchers. Importantly, it is assumed to only affect costs and has a coefficient that

is normalized to unity, such that costs are defined in terms of monetary units. Finally,

ε̃1,i, ε̃0,i, and ε̃C,i represent idiosyncratic perceived returns to investment that are known

to agents but not to the researcher.

I assume that agents maximize expected wealth independently of how they consume

it, as in the case of perfect credit markets. It follows that the perceived net return/profit,

π̃i, is sufficient to determine agents’ decisions in accordance with the rule

Si =


1, if π̃i ≥ 0,

0, otherwise.

(2)

I further assume that the definition of profit, πi ≡ Revenuei −Costi, is known to agents

in the sense that it holds for their beliefs as well, such that

π̃i = ˜Revenuei − C̃osti

= Ỹ1,i − (Ỹ0,i + C̃i),

(3)

where ˜Revenuei denotes the agent’s perceived income and C̃osti denotes the agent’s

perceived opportunity cost, which includes Ỹ0,i.
2 It follows that the agent’s decision rule

can be expressed in terms of potential outcomes as

Si =


1, if Ỹ1,i − Ỹ0,i − C̃i ≥ 0,

0, otherwise.

(4)

Defining the net marginal effects β ≡ β1−β0−βC and the net idiosyncratic component

of perceived outcomes εi ≡ ε̃1,i − ε̃0,i − ε̃C,i, we can combine (1) with (4) to write the

2I avoid denoting agents’ beliefs with conditional expectations over realized values, as is common in
the literature, to avoid the implication of rational expectations which follows from the law of iterated
expectations.
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perceived return latent variable as

π̃i = Xiβ − P̃ ricei + εi. (5)

Importantly, the assumptions result in the latent variable being linear in perceived prices,

with a marginal effect (−1) that is known to both agents and the researcher.3 The

expression of perceived returns as a latent variable in a binary choice problem with a

single known marginal effect is the starting point of the estimation procedures described

below.

3. Empirical Strategy

It follows from the model that latent perceived returns are identified by β, P̃ ricei, and

εi, given the observed Xi. The lack of observation of εi is a common problem that will

be addressed with commonly used binary choice estimation techniques. In this section

I will describe adjustments to these estimators that leverage the assumptions described

above to permit identification of β and the scale of the distribution of εi in the context of

the researcher’s failure to observe agents’ perceived prices. To preface, these adjustments

address challenges that arise due to perceived costs having a causal effect on perceived

returns in the identity given in (3).

The econometric methods described below establish conditions under which the as-

sumed coefficient on perceived prices from (5) exactly determines the marginal effect of

realized prices on perceived returns in a binary choice model. Omitted variable bias

and measurement error in prices as measures of perceived prices threaten the validity of

this assumption. It follows that methods which address omitted variable bias and mea-

surement error will validate the assumption on the marginal effect of realized prices on

perceived returns. To clarify, consider the expression of agents’ beliefs about prices used

3The researcher constraining the price coefficient to the value used by agents is key to identification,
not the researcher or agents being correct about its value.
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throughout this paper,

P̃ ricei = Pricei +Xiα + νi, (6)

where the realized price, Pricei, is observed by the researcher, α gives the effect of

explanatory variables on price misperceptions, and νi is the idiosyncratic component of

agent i’s misperception of prices. Here, realized prices are assumed to increase agents’

beliefs about prices at a known marginal rate of unity insofar as they are known to agents.

If misperceptions move systematically with prices at a marginal rate other than unity, it

is captured here by dependence between Pricei and νi, not by a coefficient other than 1

on Pricei.
4

This expression allows us to present an empirically tractable version of perceived

returns,

π̃i = Xiβ − P̃ ricei + εi

= Xiβ − Pricei −Xiα + εi − νi,

= Xiθ − Pricei + εi − νi,

(7)

by substituting in prices observed by the researcher for agents’ unobserved perceived

prices and defining θ = β − α.5 This representation presents the unexplained price mis-

perception as an omitted variable, which will produce problems if νi depends on Pricei.

Natural examples of problematic relationships between prices and price misperceptions

include agents systematically overreacting or underreacting to price predictors that are

unobserved by the researcher. The extreme case of underreaction is that in which an

unobserved predictor of realized price variation is ignored by or unknown to agents alto-

4It is possible that price changes cause perceived prices to change at a rate other than unity, which
could be modeled with a coefficient on Pricei in equation (6). Instead, I define any such shift as a price

misperception and model it within Xiα or νi. For instance, if Pricei were to affect P̃ ricei at rate γ, and
if there were no other sources of explained or unexplained variation in perceived prices, the model would
implicitly set νi = Pricei(γ − 1).

5The distinction between the extent to which each control contributes to misperceptions in prices,
α, and to other components of perceived returns, β, is presented to emphasize that the methods in this
paper are robust to systematic bias in perceptions associated with explanatory variables, even though
they are not separately identified.
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gether, which amounts to classical measurement error in realized prices as measures of

perceived prices.

In what follows, I first consider a benchmark case in which unobserved components

of price misperceptions are independent of realized prices and prices are independent of

unobserved determinants of perceived returns. Though agents may be mistaken about

prices, actual prices can stand in for perceived prices because any price misperceptions

are not systematically related to observed choices. Second, I consider the case in which

prices are correlated with unobserved price misperceptions and unobserved components

of perceived returns. In this setting, instruments for observed prices that are independent

of unobserved components of perceived returns are needed to identify perceived returns.

This case emphasizes the importance of choosing instruments that are de facto known to

agents in addition to being exogenous for constructing credible counterfactuals relating

to price changes.

3.1. Estimation with Known, Exogenous Prices

Here, I describe a benchmark procedure for estimating perceived returns with a simple

adjustment to a common binary choice method. This procedure will provide consistent

estimates of the perceived returns distribution under two assumptions that are likely to

be violated in applications. First, this method assumes that prices and the unobserved

component of perceived returns are independent conditional on Xi. Second, it assumes

that unobserved components of price misperceptions are independent of prices conditional

on Xi.

With the decision rule in (4) and the expression of perceived returns in (7), an assump-

tion on the distribution of εi − νi is sufficient to consistently estimate perceived returns

by maximum likelihood. I assume here that the composite unobserved component of

perceived returns in (7) is normally distributed as

εi − νi|Xi, P ricei ∼ N (0, σ2). (8)

9



The assumption of normality is chosen for convenience, and is not necessary for the

estimation procedures in this paper. Defining (β∗, θ∗, γ∗) = (β
σ
, θ
σ
, 1
σ
) for notational con-

venience, the probability of selection is given by

Pr(Si = 1|Xi, P ricei) = Φ(Xiθ
∗ − Priceiγ∗), (9)

where Φ(·) denotes the standard normal CDF.

The parameters (θ∗, γ∗) are the values that maximize the log-likelihood

L(θ∗, γ∗|Xi, P ricei) =∑
i

Si log

[
Φ
(
Xiθ

∗ − Priceiγ∗
)]

+ (1− Si) log

[
1− Φ

(
Xiθ

∗ − Priceiγ∗
)]
.

(10)

The estimates of perceived returns are then given by

ˆ̃πi|Xi, P ricei ∼ N (Xiθ̂ − Pricei, σ̂2), (11)

where imposing the constraint γ∗ = 1
σ

(rather than the standard constraint σ = 1) is the

only difference from a standard probit. Importantly, the assumption that γ∗ = 1
σ

is only

valid under the assumptions described in Section 2 when realized prices are independent of

unobserved components of price misperceptions and perceived returns conditional on Xi.

As this generally will not be the case, this assumption is not an innocuous normalization,

as will be clear in the simulations.

3.2. Estimation with Endogenous, Unknown Prices

Here, I describe a control function approach that addresses dependence between prices

and unobserved components of perceived returns as well as dependence between prices

and misperceptions on prices. In Appendix A, I discuss a method developed by Dick-

stein and Morales (2018) that performs well in this model when agents underreact to

price variation, such as when they form rational expectations on prices based on a strict
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subset of price predictors (those that are known to them). The method in this sec-

tion uses a well-established control function probit estimator (Rivers and Vuong, 1988;

Wooldridge, 2015), with stronger than usual assumptions for identification. Specifically,

the method assumes that instruments are independent of unobserved components of price

misperceptions conditional on controls in addition to being independent other unobserved

idiosyncratic components of perceived returns conditional on controls. The assumption

on the relationship between instruments and price misperceptions contributes to credibil-

ity for predictions of responses to counterfactual price changes that are known to agents

without changing the asymptotic or finite sample properties of the estimator.

The control function approach uses the following system of equations, with reference

to the expression of perceived returns in (7),

π̃i = Xiθ − Pricei + εi − νi

Pricei = Ziδ + ui,

(12)

where I have left unobserved price misperceptions and other unobserved components of

perceived returns separate for clarity. Here, I introduce the instruments, Zi, where Xi ⊂

Zi, that are assumed to be conditionally independent of εi − νi and strongly correlated

with observed prices. With some loss of generality, I will refer to instruments that satisfy

this condition as “known and exogenous” for brevity.6 With valid instruments, the price

residual ui contains all components of prices that jointly determined with idiosyncratic

components of price misperceptions or other unobserved components of perceived returns.

6It is not necessary that agents know the instruments in Zi, but only that they know the variation
in prices that is attributable to Zi. For example, agents need not know about a tax or subsidy shock to
the price of an investment, so long as they are aware of the change in price that arises from the policy
shock. Furthermore, the language that instruments are known and exogenous suggests that Zi ⊥⊥ νi and
Zi ⊥⊥ εi, while these are sufficient but not necessary for the less intuitive condition Zi ⊥⊥ (εi − νi), which
accommodates the knife-edge case of the two sources of bias cancelling out. This situation is analogous
to that in which νi represents measurement error, which is discussed in Millimet (2015).
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Given the above, I estimate the following equation,

π̃i =Xiθ − Pricei + εi − νi

=Xiθ − Pricei + uiρ+ ξi

=Xiθ − Pricei + ûiρ+ ζi.

(13)

The first line follows directly from the representation of perceived returns in (7). The

second line substitutes in the linear projection of the composite error εi − νi on the first

stage error ui, wherein ρ = E[ui(εi− νi)]/E[u2
i ] and ξi is the residual when controlling for

ui. The third line substitutes the estimated residuals from the first stage regression of

Pricei on Zi in for their unobserved true values, generating a new error, ζi = ξi+(ui−ûi)ρ.

This new error will converge asymptotically to ξi, but will differ in small samples due to

sampling error in the estimation of the residual from the first stage, ûi.

To estimate perceived returns, I assume that the new error in the perceived returns

control function expression is normally distributed,

ζi|Xi, P ricei, ûi ∼ N (0, σ2
ζ ), (14)

noting that the variance of ζi will differ from that of εi if ρ 6= 0. Defining (θ∗ζ , γ
∗
ζ , ρ
∗
ζ) =

( θ
σζ
, 1
σζ
, ρ
σζ

), the log-likelihood for the control function approach is given by7

L
(
θ∗, γ∗, ρ∗|Xi, ûi

)
=∑

i

Si log

[
Φ
(
Xiθ

∗
ζ − Priceiγ∗ζ + ûiρ

∗
ζ

)]

+(1− Si) log

[
1− Φ

(
Xiθ

∗
ζ − Priceiγ∗ζ + ûiρ

∗
ζ

)]

−1

2
log(2π)− log(σu)−

1

2s2
(Pricei − Ziδ)2.

(15)

Estimates of perceived returns are obtained by plugging the estimated parameters and

7As an closely-related alternative, we could perform an instrumental variables probit to obtain iden-
tical estimates of θ. The control function method has the advantage of conditioning on the variation in
prices that isn’t used in identifying the effect on perceived returns, which permits more precise counter-
factual predictions for policies that are targeted on observables when prices are observed for all agents.
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the assumed coefficient on perceived prices into the latent variable equation,

ˆ̃πi|Xi, P ricei, ûi ∼ N
(
Xiθ̂ − Pricei + ûiρ̂, σ̂

2
ζ

)
. (16)

4. Simulations

In this section I apply the methods described above to simulated datasets to compare

their performance. The important considerations involve agent misperceptions prices,

price endogeneity, and instrument validity. Because the estimators used are standard, I

stop short of performing full Monte Carlo simulations, instead focusing on differences in

performance between instruments. For additional simulations which compare the meth-

ods of this paper to the method of Dickstein and Morales (2018), see Appendix D.8

For the simulations, I use the following DGP,

π̃i = Xiβ − P̃ ricei + εi

P̃ ricei = Pricei + νi = Ziδ + ui + νi,

(17)

where the nature of the covariance of (Zi, ui, νi, εi) will determine the performance of

various estimation approaches. Both the probit and the control function method will

obtain estimates of β, while the probit will estimate

σ = V ar(ε− ν) (18)

and the control function method will estimate

ρ = E[ui(εi − νi)]/E[u2
i ],

σζ =
√
V ar(ζ) =

√
V ar(ε− ν − ûρ).

(19)

Each DGP is comprised of N = 10, 000 observations of agents whose decisions are gov-

8In addition to estimating perceived returns, Dickstein and Morales’ method enables the researcher
to determine which explanatory variables observed by the researcher are known to agents under stronger
assumptions on the dependence structure of ν, ui. and ε than those in this paper.
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erned by their perceived returns to investment.

4.1. Simulation with Known, Exogenous Prices

I begin with a well-behaved benchmark DGP that corresponds to the setting described

in Section 3.1. I generate data according to



zi

ui

νi

εi


∼ N (0,Σ); Σ =



4 0 0 0

0 1 0 0

0 0 2 0

0 0 0 2


. (20)

I construct the instrument vector as Zi = [Xi z1,i] where Xi includes only a constant, and

α = 0 such that θ = β. Finally, I set β = 1 and δ = [0 1]′. Although I set V ar(ν) = 2, I

describe prices as known in this setting because the price misperceptions are independent

of prices.9

Table 1 shows perceived returns estimates for one simulation of this DGP using the

methods from Section 3.1 and Section 3.2. Figure 1 shows the distributions implied by the

estimates for each method. In this case, the independence of prices and unobserved com-

ponents of perceived returns, including price misperceptions, means that both methods

will provide consistent estimates of perceived returns.

4.2. Simulation with Unknown, Endogenous Prices

In this simulation, I consider a DGP that corresponds to the setting described in Section

3.2 in which agents systematically misperceive prices in ways that not accounted for by

observables, and prices are correlated with unobserved components of perceived returns.

I also compare the performance of an instrument that is exogenous but unknown to one

9This setting is one in which agents are wrong about prices in ways that are unrelated to price
determinants. This sort of price misperception is plausible in cases where prices change frequently
according to a distribution that is de facto known to agents, such as frequently purchased commodities
such as groceries.
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Table 1: Simulation 1, Perceived Returns Estimates

(1) (2)
Target Probit Control Function

Constant 1 0.959 0.955
(0.031) (0.031)

σ 2 1.922 .
(0.037)

σζ 1.977 . 1.913
(0.039)

ρ 0 . 0.021
(0.033)

Observations 10000 10000

Notes: Standard errors in parentheses. Parameters are in monetary units. Estimates relate to expressions
(11) and (16), respectively. All data is generated in Stata using random seed 1234.

Figure 1: Simulation 1, Implied Perceived Returns Distributions

Notes: Estimated densities of perceived returns given by the probit method using expression (11), and
the control function method using expression (16).
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that is both known and exogenous. I generate data according to



z1,i

z2,i

ui

νi

εi


∼ N (0,Σ); Σ =



9 0 0 −4 0

0 9 0 0 0

0 0 27 −5 9

−4 0 −5 9 0

0 0 9 0 16


. (21)

I construct the instrument vector as Zi = [Xi z1,i z2,i] where Xi includes only a constant,

and α = 0 such that θ = β. Finally, I set β = 1 and δ = [0 1 1]′.

In this case, there is positive correlation between ui and εi such that individuals who

face idiosyncratically high prices also have high perceived returns, as may occur with

price discrimination. Additionally, there is negative correlation between ui and νi such

that individuals systematically underestimate the extent to which their price deviates

from the average, as may occur if agents form rational expectations on prices conditional

on an incomplete set of price determinants. Finally, this DGP includes two potential

instruments; z1,i, which is exogenous but not fully known to agents, as in the case of a

poorly publicized tax shock, and z2,i, which is both exogenous and known to agents.

Because z1,i is correlated with νi, it is not a valid instrument for the purposes of this

paper. For the control function estimates of ρ and σζ , I use u1,i in place of ui, where u1,i =

z1,iδ1 +ui. In applications with many valid instruments, including different combinations

of instruments will result in different estimates ûi, ρ̂ and σ̂ζ , while nonetheless all returning

consistent estimates of perceived returns. For comparisons between instruments, the

complete distribution of perceived returns (succinctly described by the figures) and the

estimated coefficients on Xi will be correct for all valid instruments.

Table 2 shows the estimates for one simulation of this DGP using both methods,

and also using each instrumental variable individually. Figure 2 shows the distributions

implied by the estimates for each method. Because z1,i is correlated with misperceptions,

it is not a valid instrument, and results in an estimated perceived returns distribution
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that is no better than that obtained when using no instruments.10

Table 2: Simulation 2, Perceived Returns Estimates

(1) (2) (3)
Target Probit Control Function Control Function

Constant 1 1.528 1.659 0.863
(0.102) (0.127) (0.068)

σ 5 7.001 . .
(0.138)

σζ 3.954 . 7.552 3.927
(0.303) (0.100)

ρ .5 . -0.097 0.507
(0.045) (0.014)

Observations 10000 10000 10000

Notes: Standard errors in parentheses. Parameters are in monetary units. Estimates relate to expressions
(11) and (16), respectively. All data is generated in Stata using random seed 1234.

Figure 2: Simulation 2, Implied Perceived Returns Distributions

Notes: Estimated densities of perceived returns given by the probit method using expression (11), and
the control function method using expression (16). The unknown IV is z1,i and the valid IV is z2,i, where
each IV is excluded from the estimation model when the other is used.

10For estimating instrument-specific intent to treat effects of prices on investment, which would be suf-
ficient for determining the performance of a particular policy in the context of its actual implementation,
instruments such as z1,i are valid. They nonetheless fail to provide credible insight into counterfactual
policy changes that are well-publicized.
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5. Conclusion

This paper describes how to estimate perceived returns to investments by assuming agent

knowledge of an intuitive accounting identity relating perceived prices to perceived re-

turns and modifying common binary choice estimation techniques accordingly. I further

describe the econometric challenges that arise from relaxing the assumption of perfect

agent knowledge of prices and how to overcome them with careful choice of instruments

that are not only exogenous to agents, but are also de facto known to them. The assump-

tion that agents know variation in prices driven by select instruments may be preferable

to rational expectations assumptions in applications.

This method is relevant to many empirical questions, especially those subject to sub-

stantial information frictions on prices such as such as college attendance, firm R&D,

automobile purchases, home purchases, and healthcare services and insurance. Further-

more, insofar as treatments other than prices shift agent preferences, the insights of this

paper apply to other treatment variables when considering counterfactual treatments.

While the estimation techniques used in this paper are restricted to a probit and a con-

trol function probit, the general insights are relevant to more sophisticated models that

involve responses to prices. Estimating perceived returns by adapting the method of

this paper to the context of more sophisticated models, such as Berry, Levinsohn, and

Pakes (1995) and its extensions, is left to future work. In addition to more sophisticated

structural models, the insights of this paper extend to structural extrapolations of policy

effects, such as those involved in scaling reduced form effects in instrumental variables

methods or those involved in extrapolating from intent-to-treat effects of policy shocks

to effects of counterfactual policies.

In terms of policy implications, the methods described in this paper are relevant for

constructing credible counterfactuals for well-publicized price changes, which are relevant

for taxes and subsidies on investments including those associated with education and

health insurance. The general insight is that assumptions of rational expectations are not

innocuous, even when the researcher has no particular interest in separately estimating
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beliefs and preferences. Applied researchers should consider agent knowledge of variation

in treatments driven by instruments in addition to instrument exogeneity when selecting

potential instruments if they plan to draw counterfactual inferences.
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Appendix A: Moment Inequalities

This section describes how to adapt the moment inequality method developed by Dick-

stein and Morales (2018) (DM) to the setting described in this paper. The setting of

DM involves trade revenues that are partially observed by firms, which have a structural

relationship with profits that is assumed to be known to agents. The type of information

frictions described in DM are a special case of those described in the present paper, in

which some sources of variation in the treatment variable are unknown to agents. In the

context of the model presented in equation (6), this involves negative correlation between

νi and Pricei such that prices are a mean preserving spread of perceived prices. Further-

more, the DM method assumes that εi is independent of other determinants of perceived

returns.

This method makes use of instruments, Zi, that are independent of (εi, νi). For

Xi ⊂ Zi, this implies that the expectation of (6) conditional on Zi gives

E[P̃ ricei|Zi] = E[Pricei|Zi] +Xiα. (A.1)

Additionally, it makes a distributional assumption on unobserved perceived returns such

as

εi|Xi, P̃ ricei ∼ N (0, σ2
ε ), (A.2)

where the assumption of normality is unnecessary, but there are some restrictions on

the assumed distribution which I discuss below. The method uses two types of moment

inequalities to obtain bounds on the parameters of perceived returns, (θ, σε). I will

present the inequalities and provide a brief discussion here. For the derivation and further

discussion of the moment inequalities, see DM.
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A.1. Revealed Preference Moment Inequalities

Defining (β∗ε , θ
∗
ε , γ

∗
ε ) = ( β

σε
, θ
σε
, 1
σε

) for notational convenience, the conditional revealed

preference moment inequalities are

E

[
Si(Xiθ

∗
ε − Priceiγ∗ε ) + (1− Si)

φ(Xiθ
∗
ε − Priceiγ∗ε )

1− Φ(Xiθ∗ε − Priceiγ∗ε )

∣∣∣∣∣Zi
]
≥ 0,

E

[
− (1− Si)(Xiθ

∗
ε − Priceiγ∗ε ) + Si

φ(Xiθ
∗
ε − Priceiγ∗ε )

Φ(Xiθ∗ε − Priceiγ∗ε )

∣∣∣∣∣Zi
]
≥ 0.

(A.3)

These inequalities are consistent with the revealed preference argument that perceived

returns are positive for those who select the investment and negative for those who do

not. Here, I provide an overview of the intuition.

Regarding the first inequality, consider an agent that selects the investment such

that Si = 1. Following the revealed preference argument articulated in (4) and the

representation of perceived returns in (7), it follows that this individual’s perceived return

is positive, such that

Si(Xiθ − Pricei + εi − νi) ≥ 0. (A.4)

This expression cannot be computed directly because researchers do not observe νi or εi.

However, as the inequality holds for all i, it follows that it holds in expectation conditional

on Zi,

E[Si(Xiθ − Pricei + εi − νi)|Zi] ≥ 0. (A.5)

Finally, it follows from the Law of Iterated Expectations, the assumption that νi is un-

known to agents and therefore not acted upon, and the assumption that Zi is uncorrelated

with νi such that E[Siνi|Zi] = E[SiE[νi|Si, Zi]|Zi] = 0, yielding,

E[Si(Xiθ − Pricei + εi)|Zi] ≥ 0. (A.6)
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The first inequality in (A.3) is derived from this inequality where its second term is a posi-

tively biased approximation of E[Siεi|Zi] that exploits the closed form for E[Siεi|Xi, P̃ ricei]

under the normality assumption on εi.
11

Heuristically, if observed prices are a mean-preserving spread of perceived prices,

substituting them in place of perceived prices will mistakenly increase expected perceived

returns unconditional on selection for some agents and decrease them for others. For the

agents for whom this expectation increases, the expectation of the error conditional on

selection approaches zero. For those for whom it decreases, the expectation of the error

conditional on selection approaches positive infinity. In many cases, this second effect

will dominate the overall expectation of the error conditional on selection.12 The second

inequality follows from similar intuition applied to individuals who do not select the

investment.

A.1.1 Odds-Based Moment Inequalities

The conditional odds-based moment inequalities are

E

[(
Si

1− Φ(Xiθ
∗
ε − Priceiγ∗ε )

Φ(Xiθ∗ε − Priceiγ∗ε )
− (1− Si)

)∣∣∣∣∣Zi
]
≥ 0,

E

[(
(1− Si)

Φ(Xiθ
∗
ε − Priceiγ∗ε )

1− Φ(Xiθ∗ε − Priceiγ∗ε )
− Si

)∣∣∣∣∣Zi
]
≥ 0.

(A.7)

They are derived from the unobservable conditional score equation,

E

[
Si
φ(Xiβ

∗
ε − P̃ riceiγ∗ε )

Φ(Xiβ∗ε − P̃ riceiγ∗ε )
− (1− Si)

φ(Xiβ
∗
ε − P̃ riceiγ∗ε )

1− Φ(Xiβ∗ε − P̃ riceiγ∗ε )

∣∣∣∣∣Xi, P̃ ricei

]
= 0. (A.8)

11The bias makes substitution of prices for perceived prices nontrivial, and contributes to the inequality.
12Global convexity of E[εi|εi < κ] in κ is necessary for the inequalities to hold regardless of the value of

κ and the variance of the misperception term. This condition is satisfied by both the normal and logistic
distributions.
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Considering the second inequality, the score function can be rearranged to be a function

of the model-predicted odds of selecting the investment,

E

[(
(1− Si)

Φ(Xiβ
∗
ε − P̃ riceiγ∗ε )

1− Φ(Xiβ∗ε − P̃ riceiγ∗ε )
− Si

)∣∣∣∣∣Xi, P̃ ricei

]
= 0. (A.9)

The advantage of this transformation is that the odds-ratio is globally convex in its ar-

guments. Replacing the unobserved P̃ ricei with Pricei changes the equation into an

inequality by application of Jensen’s inequality due to the global convexity of the odds

ratio. As the index of the odds ratio increases, the model-predicted odds of a given

outcome approach positive infinity, while the odds approach zero as the index decreases.

When the index is replaced with a mean-preserving spread of itself (via replacing per-

ceived prices with prices), this first effect will usually dominate the second regardless of

the distributional assumption.13 This inequality holds when taking its expectation con-

ditional on Zi by law of iterated expectations. The first inequality follows from similar

intuition for those who do not select the investment.

A.1.2 Estimation Using Moment Inequalities

Under the information assumptions provided, the true parameters ψ = (θ, σε) will be

contained within the set of parameters that satisfy the inequalities, which I define as Ψ0.

First, because it is computationally expensive to compute the inequalities conditional on

Zi, I will instead use unconditional inequalities that are consistent with the conditional

inequalities described above. Additionally, in small samples it is possible that the true

parameters will not strictly satisfy these inequalities, so it is necessary to construct a test

of the hypothesis that a given value ψp = (θp, σε,p) is consistent with the inequalities.

To do this I employ the modified method of moments procedure described by Andrews

and Soares (2010), which yields a confidence set of parameters Ψ̂0 that I fail to reject

are consistent with the inequalities, where an element of this set is given by (θ̂p, σ̂ε,p). A

13Global convexity of the odds ratio is necessary for this condition to hold for all values of the index and
for all magnitudes of mean-preserving spreads. This condition is satisfied by log-concave distributions,
such as the normal and logistic.
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description of the estimation procedure is provided in Appendix B.

To infer estimates of perceived returns from the estimated set of parameters that

satisfy the moment inequalities, first note that, given the true (β, σε), perceived returns

are given by

Yi|Xi, P̃ ricei ∼ N (Xiβ − P̃ ricei, σε2). (A.10)

Thus, even given the true (β, σε), the problem remains that we do not observe P̃ ricei in

the data. However, it is possible to bound perceived returns at the true parameter values

using Pricei and E[Pricei|Zi], which we do have access to.

For valid Zi, equation (6) implies that it is possible to approximate P̃ ricei with

ϕPricei+(1−ϕ)E[Pricei|Zi], where ϕminimizes E[P̃ ricei−(ϕPricei+(1−ϕ)E[Pricei|Zi])]2.

It must be that ϕ ∈ [0, 1], though we cannot estimate it. Given ϕ ∈ [0, 1], bounds on

perceived returns for a given (θ̂p, σ̂ε,p) can be constructed using

Yi|Xi, P ricei, Zi ∼ N
(
Xiθ̂p − ϕPricei − (1− ϕ)E[Pricei|Zi], σ̂2

ε,p

)
. (A.11)

Note that the PDF of this distribution is non-monotonic in ϕ, so setting ϕ = 0 and ϕ = 1

will not bound its PDF across its entire support. Computing the distribution for all

ϕ ∈ [0, 1] for each (θ̂p, σ̂ε,p) ∈ Ψ̂0 is necessary to provide bounds for the perceived returns

distribution.14

14In practice, choosing any set of values between zero and one, including zero and one, will approximate
these bounds. DM describe an alternative method that can be used to bound the CDF of perceived
returns.
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Appendix B: Moment Inequality Estimation

I closely follow appendices A.5 and A.7 in Dickstein and Morales (2018) to estimate the

moment inequalities’ confidence set for the true parameter ψ. Adapting DM’s procedure

to the current setting would account for imputation of prices. I use a simplified version of

their procedure, because I assume that prices are observed for all individuals, regardless

of whether they select the investment. This assumption is irrelevant to the contributions

of this paper, as each method admits imputation. I also deviate from DM in how I

conduct the grid search over potential parameters in order to speed computation in the

absence of parallelization.

The confidence set is obtained by applying the Andrews and Soares (2010) modi-

fied method of moments (MMM). This method follows the intuition of the generalized

method of moments, but only penalizes moment deviations that violate the inequality

while adjusting the hypothesis testing procedure to accommodate this change. I index

the moment inequalities used in estimation by ` = 1, ..., L and denote them

m̄`(ψ) ≡ 1

N

N∑
i=1

m`(Zi, ψ), ` = 1, ..., L,

where N is the sample size. The MMM test statistic

Q(ψ) =
L∑
`

[min(
√
N
m̄`(ψ)

σ̂`(ψ)
, 0)]2, (B.1)

gives the sum of squared inequality violations, where

σ̂`(ψ) =

√√√√ 1

N

N∑
i=1

(m`(Zi, ψ)− m̄`(ψ))2.

Note that as in Section A, Xi ⊂ Zi. m`(·) is a conditional revealed preference or odds-

based moment inequality constructed as described in DM, Appendix A.5. I compute a

confidence set for the true parameter ψ using the following steps, closely following DM.

Step 1: define a grid Ψg that overlaps with the confidence set. I define this grid
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as a K-dimensional orthotope where K is the number of scalars indexed by k = 1, ..., K

within the parameter vector ψ. To define this grid, I choose ψmin to minimize Q(ψ),

initializing the minimization with the control function estimates ψ̂CF ≡ (θ̂CF , σ̂ζ,CF ),

which in simulations is typically near a minimum (zero) of Q(ψ). The moment inequality

confidence set encompass the control function estimates in simulations included later in

Appendix D when they provide consistent bounds, and there is good reason to believe

that this will be the case generally (see Appendix C). Because Q(ψ̂min) will be close to

zero, it is likely to be within the 95% confidence set, Ψ̂95
0 , if this set is nonempty. I create

boundaries in dimension k by multiplying the standard error of the kth parameter by a

large number, and adding and subtracting this value from the parameter to form bounds

in the kth dimension.15 I repeat this for each of the K parameters to obtain bounds on

a K-dimensional initial grid Ψg. I fill this grid with 10K equidistant points.

Step 2: choose a point ψp ∈ Ψg. For speed, I test points in ascending order of their

euclidean distance from ψ̂min. With ψp, I test the hypothesis that ψp = ψ:

H0 : ψ = ψp vs. H0 : ψ 6= ψp.

Step 3: evaluate the MMM test statistic at ψp:

Q(ψp) =
L∑
`

[
min(

√
N
m̄`(ψp)

σ̂`(ψp)
, 0)
]2
, (B.2)

Step 4: compute the correlation matrix of the moments evaluated at ψp:

Ω̂(ψp) = Diag−
1
2 (Σ̂(ψp))Σ̂(ψp)Diag

− 1
2 (Σ̂(ψp)),

where Diag−
1
2 (Σ̂(ψp)) is the L × L diagonal matrix that shares diagonal elements with

15As there are negligible computational disadvantages from having a very large initial grid, I multiply
the standard errors by 20.
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Σ̂(ψp). Diag
− 1

2 (Σ̂(ψp)) satisfies Diag−
1
2 (Σ̂(ψp))Diag

− 1
2 (Σ̂(ψp)) = Diag−1(Σ̂(ψp)) where

Σ̂(ψp) =
1

N

N∑
i=1

(m(Zi, ψp)− m̄(ψp))(m(Zi, ψp)− m̄(ψp))
′,

m(Zi, ψp) = (m1(Zi, ψp), ...,mL(Zi, ψp)), and m̄(ψp) = (m̄1(ψp), ..., m̄L(ψp)), where

m̄`(ψp) ≡
1

N

N∑
i=1

m`(Zi, ψp), ∀` = 1, ..., L.

Step 5: simulate the asymptotic distribution of Q(ψp). Take R = 1000 draws from

the multivariate normal distribution N (0L, IL) where 0L is a vector of zeros and IL is an

L-dimensional identity matrix. Denote each of these draws as χr. Define the criterion

function QAA
N,r(ψp) as

QAA
N,r(ψp) =

L∑
`=1

[(
min

(
[Ω̂

1
2 (ψp)χr]`, 0

))2

× 1

(√
N
m̄`(ψp)

σ̂`(ψp)
≤
√

lnN

)]
,

where [Ω̂
1
2 (ψp)χr]` is the `th element of the vector Ω̂

1
2 (ψp)χr.

Step 6: compute the critical value. The critical value ĉAAN (ψp, 1− α) is the (1− α)-

quantile distribution of the distribution of QAA
N,r(ψp) across the R draws taken in step 5.

Step 7: reject or fail to reject ψp. If Q(ψp) ≤ ĉAAN (ψp, 1 − α), include ψp in the

estimated (1 − α)% confidence set, Ψ̂1−α and the (initially empty) grid Ψg′ that will

contain the confidence set.

Step 8: repeat steps 2 through 7 until a ψp is not rejected. This will likely occur

at the first point checked, ψmin, as this parameter minimizes Q(ψp), though it does not

maximize ĉAAN (ψp, 1− α).

Step 9: form a small grid around each ψp in Ψ̂1−α. Form Ψg,p, a local K-dimensional

orthotope with 3 equidistant points in each dimension (with distance between points

defined as in step 1), centered around ψp for each ψp in Ψ̂1−α. Add Ψg,p to the grid Ψg′

that will contain the confidence set.

Step 10: repeat steps 3 through 7 for every point in Ψg′ that has not yet been

checked.
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Step 11: iterate on steps 9 and 10 until all points in Ψg′ have been checked.

Step 12: ensure desired grid fineness. If the number of elements of the set Ψ̂1−α is

below the desired minimum number, set the distance between grid points at one-half of

the current value and repeat step 11. Repeat this step until the number of elements of

Ψ̂1−α exceeds the desired number of such elements.
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Appendix C: Moment Inequalities and Endogeneity

For proofs of the validity of the moment inequalities for providing a confidence set that

consistently bounds the true parameter vector, (θ, σε), in the context of the setting pre-

sented in Appendix A, see Dickstein and Morales (2018) (DM). The inequalities also

appear to consistently bound perceived returns in simulations when there is correlation

between perceived prices and the unobserved error in perceived returns and correlation

between information frictions and the unobserved error in perceived returns under the

assumption ρ
1−ρ ≥ 0, which is weaker than the assumption described in Appendix A. I

provide proofs of consistency here for the revealed preference moment inequalities, and

arguments for consistency for the odds-based moment inequalities, borrowing from the

proofs provided by DM. Note that the parameters relevant to this section are (θ, σξ), not

those used in Appendix A. I use the notation (θ∗ξ , γ
∗
ξ , ρ
∗
ξ) =

(
θ
σξ
, 1
σξ
, ρ
σξ

)
throughout the

following while assuming

ξi|Xi, P ricei, ui ∼ N (0, σ2
ξ ). (C.1)

The condition ρ
1−ρ ≥ 0 entails a setting in which both endogeneity and measurement

error work against the causal effect of price on selection, yet the causal effect dominates,

producing attenuation bias in estimates of the effect of perceived prices on selection if

misperceptions and endogeneity are ignored. Heuristically, this restriction suggests that

including ui with a multiplier of −1 via prices (recalling the definition of prices given in

(12)) will strengthen the overall effect of prices on inequalities derived from (13) relative

to the alternative of multiplying this error (or an estimate of it) by (−1 + ρ).

Note that ρ
1−ρ ≥ 0 is equivalent to ρ ∈ [0, 1]. The assumption that ρ ≥ 0 seems

plausible, prices may be higher for individuals for whom perceived returns for selection

are higher due to higher demand. The additional assumption that ρ ≤ 1 has no such

obvious theoretical support. Under this condition the moment inequalities appear to

provide consistent bounds for σξ, but not necessarily σ. As these parameters serve the

same function, this has no effect on the predictive capacity of any resulting estimates of

perceived returns.
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I begin by presenting a lemma that will be useful in the subsequent proofs. It also

serves as the main point of departure from the proofs provided by DM.

Lemma 1 If equations (4), (5), (12), and (13) hold and ρ
1−ρ ≥ 0, then

E[ui(1− ρ)|Si = 0, Zi] ≥ 0 ≥ E[ui(1− ρ)|Si = 1, Zi]. (C.2)

Proof: From the definition of Si given in (4) and (5), substituting in the expression for

perceived returns in (13) implies

E[ui(1− ρ)|Si = 0, Zi]

= E[ui(1− ρ)|Xiθ − Pricei + uiρ+ ξi ≤ 0, Zi].

(C.3)

Substituting in the definition of Pricei provided in (12) and rearranging the conditioning

inequality implies

E[ui(1− ρ)|Xiθ − Pricei + uiρ+ ξi ≤ 0, Zi]

=E[ui(1− ρ)|Xiθ − Ziδ − ui(1− ρ) + ξi ≤ 0, Zi]

=E[ui(1− ρ)|ui(1− ρ) ≥ (Xiθ − Ziδ + ξi), Zi].

(C.4)

Given the property of expectations of truncated variables that E[X|X ≥ Y ] ≥ E[X], it

follows that

E[ui(1− ρ)|ui(1− ρ) ≥ (Xiθ − Ziδ + ξi), Zi]

≥E[ui(1− ρ)|Zi]

=0,

(C.5)

where the last equality follows from the definition of ui given in (12). The definition of

Si given in (4) and (5), substituting in the expression of perceived returns in (13), also

implies

E[ui(1− ρ)|Si = 1, Zi]

= E[ui(1− ρ)|Xiθ − Pricei + uiρ+ ξi ≥ 0, Zi].

(C.6)
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Substituting in the definition of Pricei provided in (12) and rearranging the conditioning

inequality implies

E[ui(1− ρ)|Xiθ − Pricei + uiρ+ ξi ≥ 0, Zi]

=E[ui(1− ρ)|Xiθ − Ziδ − ui(1− ρ) + ξi ≥ 0, Zi]

=E[ui(1− ρ)|ui(1− ρ) ≤ (Xiθ − Ziδ + ξi), Zi].

(C.7)

Given the property of expectations of truncated variables that E[X|X ≤ Y ] ≤ E[X], it

follows that

E[ui(1− ρ)|ui(1− ρ) ≤ (Xiθ − Ziδ + ξi), Zi]

≤E[ui(1− ρ)|Zi]

=0,

(C.8)

where the last equality follows from the definition of ui given in (12). Substituting (C.5)

into (C.3) and (C.8) into (C.6) implies (C.2). �

C.1. Proof of Revealed Preference Inequality Robustness to En-

dogeneity

Lemma 2 Suppose equations (4), (5), and (13) hold. Then

E

[
Si
(
Xiθ − Pricei + uiρ+ ξi

)∣∣∣∣∣Zi
]
≥ 0. (C.9)

Proof: From equations (4), (5), and (13),

Si = 1{Xiθ − Pricei + uiρ+ ξi ≥ 0}. (C.10)

This implies

Si
(
Xiθ − Pricei + uiρ+ ξi

)
≥ 0. (C.11)
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This inequality holds for every individual i, therefore it will hold in expectation condi-

tional on Zi. �

Lemma 3 Equations (4), (5), (12), (13), and (C.1) imply that

E

[
Si
(
Xiθ

∗
ξ − Ziδγ∗ξ

)
+(1− Si)

(
ui(γ

∗
ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ

)
1− Φ

(
Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ

))∣∣∣∣∣Zi
]
≥ 0

(C.12)

Proof: Equation (C.9) and the definition of Pricei from equation (12) imply

E[Si(Xiθ − Ziδ)|Zi]− E[Siui(1− ρ)|Zi
]

+ E[Siξi|Zi] ≥ 0. (C.13)

The assumption in (12) implies that E[ui|Zi] = 0, so it follows that

E[Siui(1− ρ) + (1− Si)ui(1− ρ)|Zi] = 0.

Expression (C.1) implies that E[ξi|Xi, P ricei, ui] = 0, which implies

E[Siξi + (1− Si)ξi|Xi, P ricei, ui] = 0.

Assuming the distribution of Zi conditional on Xi, P ricei, ui is degenerate and applying

the law of iterated expectations, the preceding two equations allow us to rewrite equation

(C.13) as

E[Si(Xiθ − Ziδ)|Zi] + E[(1− Si)ui(1− ρ)|Zi]− E
[
(1− Si)ξi

∣∣Zi] ≥ 0. (C.14)

Assuming the distribution of Zi conditional on Xi, P ricei, ui is degenerate and applying
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the law of iterated expectations also implies

E[(1− Si)ξi|Zi] = E
[
E[(1− Si)ξi|Si, Xi, P ricei, ui]

∣∣Zi]
= E

[
E[(1− Si)|Xi, P ricei, ui]E[ξi|Si, Xi, P ricei, ui]

∣∣Zi]
= E

[
P
(
Si = 1|Xi, P ricei, ui

)
× 0× E[ξi|Si = 1, Xi, P ricei, ui]

+ P
(
Si = 0|Xi, P ricei, ui

)
× 1× E[ξi|Si = 0, Xi, P ricei, ui]

∣∣Zi]
= E

[
P
(
Si = 0|Xi, P ricei, ui

)
E[ξi|Si = 0, Xi, P ricei, ui]

∣∣Zi]
= E

[
E[(1− Si)|Xi, P ricei, ui]E[ξi|Si = 0, Xi, P ricei, ui]

∣∣Zi]
= E

[
E
[
(1− Si)E[ξi|Si = 0, Xi, P ricei, ui]

∣∣Xi, P ricei, ui]
∣∣∣Zi]

= E
[
(1− Si)E[ξi|Si = 0, Xi, P ricei, ui]

∣∣Zi].
This allows us to rewrite equation (C.14) as

E
[
Si(Xiθ − Ziδ) + (1− Si)

(
ui(1− ρ)− E[ξi|Si = 0, Xi, P ricei, ui]

)∣∣Zi] ≥ 0. (C.15)

Using the definition of Si from equation (4) and substituting in equations (5) and (13),

it follows that

E[ξi|Si = 0, Xi, P ricei, ui] = E
[
ξi
∣∣(− ξi ≥ Xiθ − Pricei + uiρ

)
, Xi, P ricei, ui

]
= −E

[
−ξi
∣∣(− ξi ≥ Xiθ − Pricei + uiρ

)
, Xi, P ricei, ui

]
,

which allows us to rewrite

E[ξi|Si = 0, Xi, P ricei, ui] = −σξ
φ
(
Xiθ

∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ

)
1− Φ

(
Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ

) (C.16)

using Expression (C.1) and applying the symmetry of the normal distribution. Equation

(C.12) follows by applying this equality to (C.15) and dividing each side of the resulting

inequality by σξ. �
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Lemma 4 Given ρ
1−ρ ≥ 0, equations (4), (5), (12), and (13) imply

E

[
(1− Si)

(
uiγ
∗
ξ +

φ
(
Xiθ

∗
ξ − Priceiγ∗ξ

)
1− Φ

(
Xiθ∗ξ − Priceiγ∗ξ

))∣∣∣∣∣Zi
]

≥

E

[
(1− Si)

(
ui(γ

∗
ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ

)
1− Φ

(
Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ

))∣∣∣∣∣Zi
] (C.17)

Proof: Using the definition of Pricei from equation (12), it follows that

E

[
(1− Si)

(
ui(γ

∗
ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ

)
1− Φ

(
Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ

))∣∣∣∣∣Zi
]

=

E

[
(1− Si)

(
ui(γ

∗
ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

))∣∣∣∣∣Zi
]
.

(C.18)

The law of iterated expectations and Si ∈ {0, 1} implies

E

[
(1− Si)

(
ui(γ

∗
ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

))∣∣∣∣∣Zi
]

=

E

[
(1− Si)E

[
ui(γ

∗
ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

))∣∣∣∣Si = 0, Zi

]∣∣∣∣∣Zi
]
.

(C.19)

Because
∂ φ(−x)

1−Φ(−x)

∂x
∈ (−1, 0),

it follows that the expression

ui(γ
∗
ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

) (C.20)

is monotonically increasing in ui(γ
∗
ξ − ρ∗ξ). It follows then that adding a positive value to

this value will increase the value of the function. From (C.2) and the condition
ρ∗ξ

γ∗ξ−ρ
∗
ξ
≥ 0,
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ρ∗ξ
γ∗ξ−ρ

∗
ξ
E[ui(γ

∗
ξ − ρ∗ξ)|Si = 0, Zi] ≥ 0 ∀i, so it follows that

E
[
ui(γ

∗
ξ − ρ∗ξ) + E[uiρ

∗
ξ |Si = 0, Zi]

+
φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ

∗
ξ |Si = 0, Zi]

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ∗ξ |Si = 0, Zi]

)∣∣∣∣Si = 0, Zi

]
=

E
[(
ui(γ

∗
ξ − ρ∗ξ) +

ρ∗ξ
γ∗ξ − ρ∗ξ

E[ui(γ
∗
ξ − ρ∗ξ)|Si = 0, Zi]

)
+

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ −

(
ui(γ

∗
ξ − ρ∗ξ) +

ρ∗ξ
γ∗ξ−ρ

∗
ξ
E[ui(γ

∗
ξ − ρ∗ξ)|Si = 0, Zi]

))
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ −

(
ui(γ∗ξ − ρ∗ξ) +

ρ∗ξ
γ∗ξ−ρ

∗
ξ
E[ui(γ∗ξ − ρ∗ξ)|Si = 0, Zi]

))∣∣∣∣Si = 0, Zi

]

≥

E
[
ui(γ

∗
ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)∣∣∣∣Si = 0, Zi

]
,

(C.21)

where the second line relates to the third by this addition, and the first relates to the

second by algebraic simplifications. Finally, because the term

ui(γ
∗
ξ − ρ∗ξ) + E[uiρ

∗
ξ |Si = 0, Zi]

and the term

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ

∗
ξ |Si = 0, Zi]

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ∗ξ |Si = 0, Zi]

)
are globally convex in −ui, the entire function is globally convex in −ui. It follows that

E
[
uiγ
∗
ξ +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − uiγ∗ξ

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − uiγ∗ξ

)∣∣∣∣Si = 0, Zi

]
≥

E
[
ui(γ

∗
ξ − ρ∗ξ) + E[uiρ

∗
ξ |Si = 0, Zi]

+
φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ

∗
ξ |Si = 0, Zi]

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ∗ξ |Si = 0, Zi]

)∣∣∣∣Si = 0, Zi

]
(C.22)
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by Jensen’s inequality. Combining this inequality with that in (C.21) yields the result

E
[
uiγ
∗
ξ +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − uiγ∗ξ

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − uiγ∗ξ

)∣∣∣∣Si = 0, Zi

]
≥

E
[
ui(γ

∗
ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)∣∣∣∣Si = 0, Zi

]
.

(C.23)

It follows immediately that

E

[
(1− Si)E

[
uiγ
∗
ξ +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − uiγ∗ξ

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − uiγ∗ξ

)∣∣∣∣Si = 0, Zi

]∣∣∣∣∣Zi
]

≥

E

[
(1− Si)E

[
ui(γ

∗
ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)∣∣∣∣∣Si = 0, Zi

]∣∣∣∣∣Zi
]
.

(C.24)

Equation (C.17) follows from this by substituting in the definition of Pricei from (12)

and applying the law of iterated expectations. �

Corollary 1 Given (C.12), (C.17), and the definition of Pricei given in (12), it follows

that

E

[
Si(Xiθ

∗
ξ − Priceiγ∗ξ ) + (1− Si)

φ(Xiθ
∗
ξ − Priceiγ∗ξ )

1− Φ(Xiθ∗ξ − Priceiγ∗ξ )

∣∣∣∣∣Zi
]
≥ 0. (C.25)

Proof: The result follows from equations (C.12), (C.17), substituting E[−Siui = (1 −

Si)ui|Zi], and substituting in the definition of Pricei given in (12). �

Lemma 5 Suppose equations (4), (5), and (13) hold. Then

E

[
− (1− Si)

(
Xiθ − Pricei + uiρ+ ξi

)∣∣∣∣∣Zi
]
≥ 0. (C.26)

Proof: From equations (4), (5), and (13),

Si = 1{Xiθ − Pricei + uiρ+ ξi ≥ 0}. (C.27)
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This implies

−(1− Si)
(
Xiθ − Pricei + uiρ+ ξi

)
≥ 0. (C.28)

This inequality holds for every individual i, therefore it will hold in expectation condi-

tional on Zi. �

Lemma 6 Equations (4), (5), (12), (13), and (C.1) imply that

E

[
− (1− Si)

(
Xiθ

∗
ξ − Ziδγ∗ξ

)
+Si

(
− ui(γ∗ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ

)
Φ
(
Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ

))∣∣∣∣∣Zi
]
≥ 0

(C.29)

Proof: Equation (C.26) and the definition of Pricei from equation (12) imply

E[−(1− Si)(Xiθ − Ziδ)|Zi] + E[(1− Si)ui(1− ρ)|Zi
]
− E[(1− Si)ξi|Zi] ≥ 0. (C.30)

The assumption in (12) implies that E[ui|Zi] = 0, so it follows that

E[Siui(1− ρ) + (1− Si)ui(1− ρ)|Zi] = 0.

Expression (C.1) implies that E[ξi|Xi, P ricei, ui] = 0, which implies

E[Siξi + (1− Si)ξi|Xi, P ricei, ui] = 0.

Assuming the distribution of Zi conditional on Xi, P ricei, ui is degenerate and applying

the law of iterated expectations, the preceding two equations allow us to rewrite equation

(C.30) as

E[−(1− Si)(Xiθ − Ziδ)|Zi]− E[Siui(1− ρ)|Zi] + E
[
Siξi

∣∣Zi] ≥ 0. (C.31)

Assuming the distribution of Zi conditional on Xi, P ricei, ui is degenerate and applying
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the law of iterated expectations also implies

E[Siξi|Zi] = E
[
E[Siξi|Si, Xi, P ricei, ui]

∣∣Zi]
= E

[
E[Si|Xi, P ricei, ui]E[ξi|Si, Xi, P ricei, ui]

∣∣Zi]
= E

[
P
(
Si = 1|Xi, P ricei, ui

)
× 1× E[ξi|Si = 1, Xi, P ricei, ui]

+ P
(
Si = 0|Xi, P ricei, ui

)
× 0× E[ξi|Si = 0, Xi, P ricei, ui]

∣∣Zi]
= E

[
P
(
Si = 1|Xi, P ricei, ui

)
E[ξi|Si = 1, Xi, P ricei, ui]

∣∣Zi]
= E

[
E[Si|Xi, P ricei, ui]E[ξi|Si = 1, Xi, P ricei, ui]

∣∣Zi]
= E

[
E
[
SiE[ξi|Si = 1, Xi, P ricei, ui]

∣∣Xi, P ricei, ui]
∣∣∣Zi]

= E
[
SiE[ξi|Si = 1, Xi, P ricei, ui]

∣∣Zi].
This allows us to rewrite equation (C.31) as

E
[
− (1− Si)(Xiθ−Ziδ) + Si

(
− ui(1− ρ) +E[ξi|Si = 1, Xi, P ricei, ui]

)∣∣Zi] ≥ 0. (C.32)

Using the definition of Si from equation (4) and substituting in equations (5) and (13),

it follows that

E[ξi|Si = 1, Xi, P ricei, ui] = E
[
ξi
∣∣(− ξi ≤ Xiθ − Pricei + uiρ

)
, Xi, P ricei, ui

]
= −E

[
−ξi
∣∣(− ξi ≤ Xiθ − Pricei + uiρ

)
, Xi, P ricei, ui

]
,

which allows us to rewrite

E[ξi|Si = 1, Xi, P ricei, ui] = σξ
φ
(
Xiθ

∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ

)
Φ
(
Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ

) (C.33)

using Expression (C.1) and applying the symmetry of the normal distribution. Equation

(C.29) follows by applying this equality to (C.32) and dividing each side of the resulting

inequality by σξ. �
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Lemma 7 Given ρ
1−ρ ≥ 0, equations (4), (5), (12), and (13) imply

E

[
Si

(
− uiγ∗ξ +

φ
(
Xiθ

∗
ξ − Priceiγ∗ξ

)
Φ
(
Xiθ∗ξ − Priceiγ∗ξ

))∣∣∣∣∣Zi
]

≥

E

[
Si

(
− ui(γ∗ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ

)
Φ
(
Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ

))∣∣∣∣∣Zi
] (C.34)

Proof: Using the definition of Pricei from equation (12), it follows that

E

[
Si

(
− ui(γ∗ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ

)
Φ
(
Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ

))∣∣∣∣∣Zi
]

=

E

[
Si

(
− ui(γ∗ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

))∣∣∣∣∣Zi
]
.

(C.35)

Law of iterated expectations and Si ∈ {0, 1} implies

E

[
Si

(
− ui(γ∗ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

))∣∣∣∣∣Zi
]

=

E

[
SiE
[
− ui(γ∗ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

))∣∣∣∣Si = 1, Zi

]∣∣∣∣∣Zi
]
.

(C.36)

Because
∂ φ(−x)

Φ(−x)

∂x
∈ (0, 1),

it follows that the expression

−ui(γ∗ξ − ρ∗ξ) +
φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

) (C.37)

is monotonically decreasing in ui(γ
∗
ξ −ρ∗ξ). It follows then that adding a negative value to

this value will increase the value of the function. From (C.2) and the condition
ρ∗ξ

γ∗ξ−ρ
∗
ξ
≥ 0,
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ρ∗ξ
γ∗ξ−ρ

∗
ξ
E[ui(γ

∗
ξ − ρ∗ξ)|Si = 1, Zi] ≤ 0 ∀i, so it follows that

E
[
− ui(γ∗ξ − ρ∗ξ)− E[uiρ

∗
ξ |Si = 1, Zi]

+
φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ

∗
ξ |Si = 1, Zi]

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ∗ξ |Si = 1, Zi]

)∣∣∣∣Si = 1, Zi

]
=

E
[
−
(
ui(γ

∗
ξ − ρ∗ξ) +

ρ∗ξ
γ∗ξ − ρ∗ξ

E[ui(γ
∗
ξ − ρ∗ξ)|Si = 1, Zi]

)
+
φ
(
Xiθ

∗
ξ − Ziδγ∗ξ −

(
ui(γ

∗
ξ − ρ∗ξ) +

ρ∗ξ
γ∗ξ−ρ

∗
ξ
E[ui(γ

∗
ξ − ρ∗ξ)|Si = 1, Zi]

))
Φ
(
Xiθ∗ξ − Ziδγ∗ξ −

(
ui(γ∗ξ − ρ∗ξ) +

ρ∗ξ
γ∗ξ−ρ

∗
ξ
E[ui(γ∗ξ − ρ∗ξ)|Si = 1, Zi]

))∣∣∣∣Si = 1, Zi

]

≥

E
[
− ui(γ∗ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)∣∣∣∣Si = 1, Zi

]
,

(C.38)

where the second line relates to the third by this addition, and the first relates to the

second by algebraic simplifications. Finally, because the term

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ

∗
ξ |Si = 1, Zi]

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ∗ξ |Si = 1, Zi]

)
is globally convex in −ui, the function is globally convex in −ui. It follows that

E
[
− uiγ∗ξ +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − uiγ∗ξ

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − uiγ∗ξ

)∣∣∣∣Si = 1, Zi

]
≥

E
[
− ui(γ∗ξ − ρ∗ξ)− E[uiρ

∗
ξ |Si = 1, Zi]

+
φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ

∗
ξ |Si = 1, Zi]

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ∗ξ |Si = 1, Zi]

)∣∣∣∣Si = 1, Zi

]
(C.39)
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by Jensen’s inequality. Combining this inequality with that in (C.38) yields the result

E
[
− uiγ∗ξ +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − uiγ∗ξ

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − uiγ∗ξ

)∣∣∣∣Si = 1, Zi

]
≥

E
[
− ui(γ∗ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)∣∣∣∣Si = 1, Zi

]
.

(C.40)

It follows immediately that

E

[
SiE
[
− uiγ∗ξ +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − uiγ∗ξ

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − uiγ∗ξ

)∣∣∣∣Si = 1, Zi

]∣∣∣∣∣Zi
]

≥

E

[
SiE
[
− ui(γ∗ξ − ρ∗ξ) +

φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)∣∣∣∣∣Si = 1, Zi

]∣∣∣∣∣Zi
]
.

(C.41)

Equation (C.34) follows from this by substituting the definition of Pricei from (12) and

applying the law of iterated expectations. �

Corollary 2 Given (C.29), (C.34), and the definition of Pricei given in (12), it follows

that

E

[
− (1− Si)(Xiθ

∗
ξ − Priceiγ∗ξ ) + Si

φ(Xiθ
∗
ξ − Priceiγ∗ξ )

Φ(Xiθ∗ξ − Priceiγ∗ξ )

∣∣∣∣∣Zi
]
≥ 0. (C.42)

Proof: The result follows from equations (C.29), (C.34), that E[Siui = −(1− Si)ui|Zi],

and the definition of Pricei given in (12). �

Proof of Robustness of Revealed Preference Inequalities to Endogeneity: Com-

bining equations (C.25) and (C.42) provides both inequalities defined in equation (A.3).

�
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C.2. Argument for Odds-Based Inequality Robustness to Endo-

geneity

The following argument is constructed as a proof, where the components of the argument

that do not meet the standards of a proof are discussed as they arise.

Lemma 8 Equations (4), (5), (13), (C.1), and the assumption that the distribution of Zi

is degenerate conditional on (Xi, P ricei, ui) imply that

E

[
Si

1− Φ
(
Xiθ

∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ

)
Φ
(
Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ

) − (1− Si)

∣∣∣∣∣Zi
]
≥ 0 (C.43)

.

Proof: Expression (C.1) implies that

Si − 1{Xiθ − Pricei + uiρ+ ξi ≥ 0} ≥ 0,

or, equivalently,

1− 1{Xiθ − Pricei + uiρ+ ξi ≥ 0} − (1− Si) ≥ 0,

1{Xiθ − Pricei + uiρ+ ξi ≤ 0} − (1− Si) ≥ 0,

for all i. Given that this inequality holds for all individuals, it will also hold in expectation,

conditional on any set of variables, across individuals. It follows that

E[1{Xiθ − Pricei + uiρ+ ξi ≤ 0} − (1− Si)|Xi, P ricei, ui] ≥ 0.

The distributional assumption in (C.1) implies

E[1− Φ(Xiθ
∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ)− (1− Si)|Xi, P ricei, ui] ≥ 0.
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Dividing through by Φ(Xiθ
∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ) yields

E
[

1− Φ(Xiθ
∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ)

Φ(Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ)

− (1− Si)
Φ(Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ)

∣∣∣∣Xi, P ricei, ui

]
≥ 0.

Adding and subtracting 1− Si gives

E
[

1− Φ(Xiθ
∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ)

Φ(Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ)

−
(

1− 1 +
1

Φ(Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ)

)
(1− Si)

∣∣∣∣Xi, P ricei, ui

]
≥ 0,

which we can rearrange into

E
[

1− Φ(Xiθ
∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ)

Φ(Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ)

−
(

1 +
1− Φ(Xiθ

∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ)

Φ(Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ)

)
(1− Si)

∣∣∣∣Xi, P ricei, ui

]
≥ 0,

which can then be rearranged into

E
[
Si

1− Φ(Xiθ
∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ)

Φ(Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ)
− (1− Si)

∣∣∣∣Xi, P ricei, ui

]
≥ 0.

Equation (C.43) follows from the law of iterated expectations and the assumption that

the distribution of Zi conditional on (Xi, P ricei, ui) is degenerate. �

Lemma 9 If equations (4), (5), (12), and (13) hold and ρ
1−ρ ≥ 0, then

E

[
Si

1− Φ
(
Xiθ

∗
ξ − Priceiγ∗ξ

)
Φ
(
Xiθ∗ξ − Priceiγ∗ξ

) ∣∣∣∣∣Zi
]

≥

E

[
Si

1− Φ
(
Xiθ

∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ

)
Φ
(
Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ

) ∣∣∣∣∣Zi
]
.

(C.44)
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Argument: Substituting the definition of Pricei from equation (12), we have that

E

[
Si

1− Φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

) ∣∣∣∣∣Zi
]

=

E

[
Si

1− Φ
(
Xiθ

∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ

)
Φ
(
Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ

) ∣∣∣∣∣Zi
]
.

Because Si ∈ {0, 1}, it follows that

E

[
Si

1− Φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

) ∣∣∣∣∣Zi
]
≥ 0

⇐⇒

E

[
1− Φ

(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

) ∣∣∣∣∣Si = 1, Zi

]
≥ 0.

Proving the argument requires that

E

[
1− Φ

(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− uiρ∗ξ

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− uiρ∗ξ

) ∣∣∣∣∣Si = 1, Zi

]

≥

E

[
1− Φ

(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

) ∣∣∣∣∣Si = 1, Zi

]
.

Given that

1− Φ(x)

Φ(x)

is globally convex in x, Jensen’s inequality implies that

E

[
1− Φ

(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− uiρ∗ξ

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− uiρ∗ξ

) ∣∣∣∣∣Si = 1, Zi

]

≥

E

[
1− Φ

(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ

∗
ξ |Si = 1, Zi]

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ∗ξ |Si = 1, Zi]

) ∣∣∣∣∣Si = 1, Zi

]
.
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Meanwhile, (C.2) implies

E

[
1− Φ

(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ

∗
ξ |Si = 1, Zi]

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ∗ξ |Si = 1, Zi]

) ∣∣∣∣∣Si = 1, Zi

]

≤

E

[
1− Φ

(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

) ∣∣∣∣∣Si = 1, Zi

]
.

Combining these inequalities yields

E

[
1− Φ

(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− uiρ∗ξ

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− uiρ∗ξ

) ∣∣∣∣∣Si = 1, Zi

]

≥

E

[
1− Φ

(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ

∗
ξ |Si = 1, Zi]

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ∗ξ |Si = 1, Zi]

) ∣∣∣∣∣Si = 1, Zi

]

≤

E

[
1− Φ

(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
Φ
(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

) ∣∣∣∣∣Si = 1, Zi

]
.

Thus, the argument holds if the first inequality dominates the second. There is good

reason to believe that this will be the case. The first inequality arises from V ar(ui|Si =

1, Zi) (through Jensen’s inequality), while the second arises from E[ui|Si = 1, Zi]. Three

points are salient here. First, given that E[ui|Zi] = 0, the value of E[ui|Si = 1, Zi] is a

monotonic function of V ar(ui|Zi). Second, the function (1−Φ(x))/Φ(x) has a very large

second derivative for most of its support, such that the application of Jensen’s inequality

will have a large effect on the inequality. Thirdly, because ρ∗ξ is constrained to be small

relative to γ∗ξ , E[ui|Si = 1, Zi] is likely to have a relatively small effect on the inequality.

Equation (C.44) follows from the preceding inequalities if the first inequality domi-

nates the second by performing simple algebraic manipulations and applying the definition

of Pricei given in (12). �

Lemma 10 Equations (4), (5), (13), (C.1), and the assumption that the distribution of
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Zi is degenerate conditional on (Xi, P ricei, ui) imply that

E

[
(1− Si)

Φ
(
Xiθ

∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ

)
1− Φ

(
Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ

) − Si
∣∣∣∣∣Zi
]
≥ 0 (C.45)

.

Proof: Expression (C.1) implies that

1{Xiθ − Pricei + uiρ+ ξi ≥ 0} − Si ≥ 0,

Given that this inequality holds for all individuals, it will also hold in expectation, con-

ditional on any set of variables, across individuals. It follows that

E[1{Xiθ − Pricei + uiρ+ ξi ≤ 0} − Si|Xi, P ricei, ui] ≥ 0.

The distributional assumption in (C.1) implies

E[Φ(Xiθ
∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ)− Si|Xi, P ricei, ui] ≥ 0.

Dividing through by 1− Φ(Xiθ
∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ) yields

E
[

Φ(Xiθ
∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ)

1− Φ(Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ)

− Si
1− Φ(Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ)

∣∣∣∣Xi, P ricei, ui

]
≥ 0.

Adding and subtracting Si gives

E
[

Φ(Xiθ
∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ)

1− Φ(Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ)

−
(

1− 1 +
1

1− Φ(Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ)

)
Si

∣∣∣∣Xi, P ricei, ui

]
≥ 0,
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which we can rearrange into

E
[

Φ(Xiθ
∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ)

1− Φ(Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ)

−
(

1 +
Φ(Xiθ

∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ)

1− Φ(Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ)

)
Si

∣∣∣∣Xi, P ricei, ui

]
≥ 0,

which is straightforward to rearrange into

E
[
(1− Si)

Φ(Xiθ
∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ)

1− Φ(Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ)
− Si

∣∣∣∣Xi, P ricei, ui

]
≥ 0.

Equation (C.45) follows from the law of iterated expectations and the assumption that

the distribution of Zi conditional on (Xi, P ricei, ui) is degenerate. �

Lemma 11 If equations (4), (5), (12), and (13) hold and ρ
1−ρ ≥ 0, then

E

[
(1− Si)

Φ
(
Xiθ

∗
ξ − Priceiγ∗ξ

)
1− Φ

(
Xiθ∗ξ − Priceiγ∗ξ

)∣∣∣∣∣Zi
]

≥

E

[
(1− Si)

Φ
(
Xiθ

∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ

)
1− Φ

(
Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ

)∣∣∣∣∣Zi
]
.

(C.46)

Argument: Substituting the definition of Pricei from equation (12), we have that

E

[
(1− Si)

Φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)∣∣∣∣∣Zi
]

=

E

[
(1− Si)

Φ
(
Xiθ

∗
ξ − Priceiγ∗ξ + uiρ

∗
ξ

)
1− Φ

(
Xiθ∗ξ − Priceiγ∗ξ + uiρ∗ξ

)∣∣∣∣∣Zi
]
.
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Because Si ∈ {0, 1}, it follows that

E

[
(1− Si)

Φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)∣∣∣∣∣Zi
]
≥ 0

⇐⇒

E

[
Φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)∣∣∣∣∣Si = 0, Zi

]
≥ 0.

Proving the argument requires that

E

[
Φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− uiρ∗ξ

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− uiρ∗ξ

)∣∣∣∣∣Si = 0, Zi

]

≥

E

[
Φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)∣∣∣∣∣Si = 0, Zi

]
.

Given that

Φ(x)

1− Φ(x)

is globally convex in x, Jensen’s inequality implies that

E

[
Φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− uiρ∗ξ

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− uiρ∗ξ

)∣∣∣∣∣Si = 0, Zi

]

≥

E

[
Φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ

∗
ξ |Si = 0, Zi]

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ∗ξ |Si = 0, Zi]

)∣∣∣∣∣Si = 0, Zi

]
.

Meanwhile, (C.2) implies

E

[
Φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ

∗
ξ |Si = 0, Zi]

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ∗ξ |Si = 0, Zi]

)∣∣∣∣∣Si = 0, Zi

]

≤

E

[
Φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)∣∣∣∣∣Si = 0, Zi

]
.
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Combining these inequalities yields

E

[
Φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− uiρ∗ξ

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− uiρ∗ξ

)∣∣∣∣∣Si = 0, Zi

]

≥

E

[
Φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ

∗
ξ |Si = 0, Zi]

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)− E[uiρ∗ξ |Si = 0, Zi]

)∣∣∣∣∣Si = 0, Zi

]

≤

E

[
Φ
(
Xiθ

∗
ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)
1− Φ

(
Xiθ∗ξ − Ziδγ∗ξ − ui(γ∗ξ − ρ∗ξ)

)∣∣∣∣∣Si = 0, Zi

]
.

Thus, the argument holds if the first inequality dominates the second. There is good

reason to believe that this will be the case. The first inequality arises from V ar(ui|Si =

0, Zi) (through Jensen’s inequality), while the second arises from E[ui|Si = 0, Zi]. Three

points are salient here. First, given that E[ui|Zi] = 0, the value of E[ui|Si = 0, Zi] is a

monotonic function of V ar(ui|Zi). Second, the function Φ(x)/(1−Φ(x)) has a very large

second derivative for most of its support, such that the application of Jensen’s inequality

will have a large effect on the inequality. Thirdly, because ρ∗ξ is constrained to be small

relative to γ∗ξ , E[ui|Si = 0, Zi] is likely to have a relatively small effect on the inequality.

Equation (C.46) follows from the immediately preceding inequalities if the first in-

equality dominates the second by performing simple algebraic manipulations and apply-

ing the definition of Pricei given in (12). �

Argument for Odds Based Inequality Robustness to Endogeneity: Substituting

equation (C.44) into (C.43) and equation (C.46) into (C.45) provides the inequalities

defined in equation (A.7).
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Appendix D: Additional Simulations

This section presents additional simulations that include estimated bound on parameters

using the moment inequality method described in Appendix A. I present a series of vari-

ations on the setting described in Section 3.2, where the magnitudes and directions of

selection and misperception biases vary. These simulations demonstrate the robustness

of the control function method to a wide variety of empirical settings, while also demon-

strating the performance of the moment inequalities in settings other than that described

in Section A. I also present simulations with additional explanatory variables in order to

demonstrate the computational performance of the different estimators.

As in the body of the paper, I use the following DGP,

Yi = Xiβ − P̃ ricei + εi

P̃ ricei = Pricei + νi

Pricei = Ziδ + ui,

(D.1)

where for these simulations Zi is always uncorrelated with εi, νi, and ui, and the nature of

the covariance structure on these error terms will determine which methods will and will

not provide consistent estimates of perceived returns. Because perceived prices only differ

from realized prices in idiosyncratic ways, β = θ in all the following DGPs. Finally, I note

that the probit will estimate (θ, σ), the control function method will estimate (θ, ρ, σζ),

and the moment inequalities will bound (θ, σε) under the assumptions in Appendix A or

(θ, σξ) under the assumptions in Appendix C, where these are defined in sections 3.1, 3.2,

and Appendix A.

Each DGP is comprised of N = 10, 000 observations of agents whose decisions are

governed by their perceived returns to selection. I construct the instrument vector as

Zi = [Xi zi] where Xi always includes only a constant unless otherwise stated, and zi is

a single known and exogenous instrument. Finally, I assume the constant β0 = 1 and

δ = [0 1]′ for all DGPs.
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D.1. Known, Exogenous Prices

I begin with a well-behaved benchmark DGP that corresponds to the setting described

in Section 3.1. I generate data according to



zi

ui

νi

εi


∼ N (0,Σ); Σ =



4 0 0 0

0 1 0 0

0 0 0 0

0 0 0 4


, (D.2)

where I include νi with a variance of zero such that agents have perfect information on

prices.

Table D.1 shows perceived returns estimates for one simulation of this DGP using

all three methods. Figure D.1 shows the distributions implied by the estimates for each

method. Because this DGP is particularly well-behaved, all three methods’ estimates

are very close to the data-generating parameters. Additionally, the moment inequalities

provide very tight bounds here because the first-stage error has relatively low variance

such that making use of E[Pricei|Zi] in place of P̃ ricei introduces little uncertainty into

the estimated perceived returns.

Table D.1: Perceived Returns Estimates, Known Exogenous Prices

(1) (2) (3)
Target Probit Control Function Moment Inequalities

Constant 1 0.986 0.997 [0.906, 1.066]
(0.033) (0.034) N/A

σ 2 2.071 . .
(0.040)

σζ 2.012 . 2.092 .
(0.043)

ρ 0 . -0.051 .
(0.036)

(σε, σξ) (2,2) . . [1.976, 2.236]
N/A

Observations 10000 10000 10000

Notes: Standard errors in parentheses. Parameters are in monetary units. Estimates relate to expres-
sions (11), (16), and (A.11), respectively. The moment inequalities estimate bounds for σε under the
assumptions in Appendix A and σξ under those in Appendix C. All data is generated in Stata using
random seed 1234.
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Figure D.1: Perceived Returns Distribution, Known Exogenous Prices

Notes: Estimated densities of perceived returns given by each method. Densities for each parameter
vector in the moment inequalities’ 95% confidence set are shown using ϕ = [0, 1] with steps of 1/4.

D.2. Mean-reverting Misperceptions of Exogenous Prices

In this simulation, I consider a DGP that corresponds to the setting described in Section

A in which agents do not precisely forecast prices such that Pricei 6= P̃ ricei. Specifically,

price misperceptions move in the opposite direction of prices such that Cov(Pricei, νi) <

0, as in the case when agents form rational expectations on prices using a strict subset of

relevant forecasting variables. This causes agents to tend to believe their price is closer

to the average than it actually is. I generate data according to



zi

ui

νi

εi


∼ N (0,Σ); Σ =



4 0 0 0

0 7 −7 0

0 −7 12 0

0 0 0 4


. (D.3)

Table D.2 shows the estimates for one simulation of this DGP using all three methods.

Figure D.2 shows the distributions implied by the estimates for each method. The control

function and moment inequality estimates are close to the true parameters. The control
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function estimates are significantly more precise than those of the moment inequalities.

The probit’s estimates are biased upward as expected, given the normality assumptions

on the errors (Yatchew and Griliches, 1985).

Table D.2: Perceived Returns Estimates, Mean-Reverting Misperceptions

(1) (2) (3)
Target Probit Control Function Moment Inequalities

Constant 1 2.753 0.896 [-0.819, 2.611]
(0.160) (0.052) N/A

σ 4 9.527 . .
(0.373)

σζ 2.966 . 2.808 .
(0.076)

ρ 1 . 1.014 .
(0.014)

(σε, σξ) (2,3) . . [1.119, 4.919]
N/A

Observations 10000 10000 10000

Notes: Standard errors in parentheses. Parameters are in monetary units. Estimates relate to expres-
sions (11), (16), and (A.11), respectively. The moment inequalities estimate bounds for σε under the
assumptions in Appendix A and σξ under those in Appendix C. All data is generated in Stata using
random seed 1234.

Figure D.2: Perceived Returns Distributions, Mean-Reverting Misperceptions

Notes: Estimated densities of perceived returns given by each method. Densities for each parameter
vector in the moment inequalities’ 95% confidence set are shown using ϕ = [0, 1] with steps of 1/4.
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D.3. Known, Positively Selected Prices

In this simulation, I consider a DGP in which prices are known, but ui and εi are positively

correlated, such as in the case of price discrimination. This setting is one case of that

described in Section 3.2. I generate data according to



zi

ui

νi

εi


∼ N (0,Σ); Σ =



4 0 0 0

0 7 0 0

0 0 0 7

0 0 7 16


. (D.4)

Table D.3 shows the estimates for one simulation of this DGP using all three methods.

Figure D.3 shows the distributions implied by the estimates for each method. The control

function estimates are close to the true parameter values, while the moment inequalities

also bound the true parameters. The probit estimates are biased, as expected given the

price endogeneity.

In this case ρ ∈ [0, 1], which is relevant for the performance of the moment inequali-

ties, as described in Appendix C. In short, this produces correlation between prices and

omitted variables that is functionally equivalent to that of classical measurement error

in prices as measures of perceived prices as described in Section A. Regarding the value

of ρ, it is worth noting that the sign is determined by E[ui(εi − νi)], such that negative

(positive) correlation between ui and νi will produce an equivalent situation as positive

(negative) correlation between ui and εi.
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Table D.3: Perceived Returns Estimates, Positively Selected Prices

(1) (2) (3)
Target Probit Control Function Moment Inequalities

Constant 1 2.932 0.989 [-0.483, 2.757]
(0.168) (0.056) N/A

σ 4 9.747 . .
(0.386)

σζ 3.026 . 3.080 .
(0.085)

ρ 1 . 1.007 .
(0.016)

(σε, σξ) (4,3) . . [1.271, 4.889]
N/A

Observations 10000 10000 10000

Notes: Standard errors in parentheses. Parameters are in monetary units. Estimates relate to expres-
sions (11), (16), and (A.11), respectively. The moment inequalities estimate bounds for σε under the
assumptions in Appendix A and σξ under those in Appendix C. All data is generated in Stata using
random seed 1234.

Figure D.3: Perceived Returns Distributions, Positively Selected Prices

Notes: Estimated densities of perceived returns given by each method. Densities for each parameter
vector in the moment inequalities’ 95% confidence set are shown using ϕ = [0, 1] with steps of 1/4.
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D.4. Known, Negatively Selected Prices

In this simulation, I consider a DGP in which ui and εi are negatively correlated. This

setting is a case of the one described in Section 3.2. I generate data according to



zi

ui

νi

εi


∼ N (0,Σ); Σ =



4 0 0 0

0 20 0 −10

0 0 0 0

0 −10 0 9


. (D.5)

where I include νi with a variance of zero to emphasize that there are no price misper-

ceptions in this case.

Table D.4 shows the estimates for one simulation of this DGP using all three methods.

Figure D.4 shows the distributions implied by the estimates for each method. The control

function method estimates are close to the true parameter values, while the other methods

perform poorly. In the case of the probit, there is nothing to address inequality, while

the moment inequalities address positive correlation between prices and the composite

idiosyncratic preference term εi − νi, but not negative correlation.

Table D.4: Perceived Returns Estimates, Negatively Selected Prices

(1) (2) (3)
Target Probit Control Function Moment Inequalities

Constant 1 0.739 1.100 [-1.753, 2.654]
(0.034) (0.059) N/A

σ 3 1.554 . .
(0.032)

σζ 2.019 . 2.011 .
(0.066)

ρ -.5 . -0.497 .
(0.039)

(σε, σξ) (3,2) . . [0.131, 0.922]
N/A

Observations 10000 10000 10000

Notes: Standard errors in parentheses. Parameters are in monetary units. Estimates relate to expres-
sions (11), (16), and (A.11), respectively. The moment inequalities estimate bounds for σε under the
assumptions in Appendix A and σξ under those in Appendix C. All data is generated in Stata using
random seed 1234.
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Figure D.4: Perceived Returns Distributions, Negatively Selected Prices

Notes: Estimated densities of perceived returns given by each method. Densities for each parameter
vector in the moment inequalities’ 95% confidence set are shown using ϕ = [0, 1] with steps of 1/4.

D.5. Mean-reverting Misperceptions of Positively Selected Prices

In this simulation, I consider a DGP in which ui is positively correlated with εi and

negative correlated with νi. This case would occur in a setting in which there is price

discrimination on unobserved components of preferences, and agents are only aware of

a subset of price determinants and form rational expectations based on known price

determinants. I generate data according to



zi

ui

νi

εi


∼ N (0,Σ); Σ =



4 0 0 0

0 7 −3 4

0 −3 12 0

0 4 0 4


. (D.6)

This setting corresponds to the one described in Section 3.2. This setting is likely the

most realistic, insofar as mean-reverting price misperceptions and positive selection on

prices are likely. In this case, Section 3.2 and Appendix C suggest that the control

function method and the moment inequality method will consistently estimate perceived

returns, but the probit will not.
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Table D.5 shows the estimates for one simulation of this DGP using all three methods.

Figure D.5 shows the distributions implied by the estimates for each method. The control

function method estimates are close to the true parameter values, while the moment

inequalities bound the true values. The probit estimates are biased away from zero,

because variation in prices predicts relatively modest changes in investment, as not all

price variation is known to agents and because price variation is accompanied by higher

idiosyncratic preferences for investment.

Table D.5: Perceived Returns Estimates, Positively Selected Partially Known Prices

(1) (2) (3)
Target Probit Control Function Moment Inequalities

Constant 1 3.076 0.978 [-0.785, 2.740]
(0.173) (0.053) N/A

σ 4 9.851 . .
(0.399)

σζ 2.982 . 2.824 .
(0.077)

ρ 1 . 1.015 .
(0.020)

(σε, σξ) (2,3) . . [1.107, 4.970]
N/A

Observations 10000 10000 10000

Notes: Standard errors in parentheses. Parameters are in monetary units. Estimates relate to expres-
sions (11), (16), and (A.11), respectively. The moment inequalities estimate bounds for σε under the
assumptions in Appendix A and σξ under those in Appendix C. All data is generated in Stata using
random seed 1234.

D.6. Computational Comparison with Controls

Next, I present two simulations which include additional explanatory variables. This ex-

ercise is intended to provide a computational comparison of the control function method

and the moment inequality method, so they include the computation time taken to com-

plete each procedure. These simulations use the DGP described in Section D.5 with the

addition of the variables x1 in the first simulation, and x1 and x2 in the second. I set

x1 ∼ N (0, 4) and x2 ∼ N (0, 4) with coefficients of zero. The results are shown in Table

D.6 and Table D.7, respectively, where graphs of implied perceived returns are omitted

because they are visually indistinguishable from Figure D.5 (given the zero coefficients
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Figure D.5: Perceived Returns Distributions, Positively Selected Partially Known Prices

Notes: Estimated densities of perceived returns given by each method. Densities for each parameter
vector in the moment inequalities’ 95% confidence set are shown using ϕ = [0, 1] with steps of 1/4.

on the new variables). These two simulations are performed on a Linux server with two

Intel Xeon X5550 CPUs and 48GB of RAM. Note that the run times in seconds for the

moment inequalities are orders of magnitude higher than the other methods for both

simulations, and that this difference is increasing in the number of variables.
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Table D.6: Perceived Returns Estimates, 1 Control

(1) (2) (3)
Target Probit Control Function Moment Inequalities

Constant 1 3.075 0.977 [-6.956, 8.029]
(0.173) (0.053) N/A

x1 0 -0.008 -0.008 [-0.795, 0.778]
(0.063) (0.024) N/A

σ 4 9.851 . .
(0.399)

σζ 2.982 . 2.823 .
(0.077)

ρ 1 . 1.027 .
(0.015)

(σε, σξ) (2,3) . . [1.106, 4.970]
N/A

Observations 10000 10000 10000
Computation Time 0 2 1017

Notes: Standard errors in parentheses. Parameters are in monetary units. Estimates relate to expres-
sions (11), (16), and (A.11), respectively. The moment inequalities estimate bounds for σε under the
assumptions in Appendix A and σξ under those in Appendix C. All data is generated in Stata using
random seed 1234. Computation time is rounded to the nearest whole second.

Table D.7: Perceived Returns Estimates, 2 Controls

(1) (2) (3)
Target Probit Control Function Moment Inequalities

Constant 1 3.076 0.977 [-14.890, 16.550]
(0.173) (0.053) N/A

x1 0 -0.009 -0.008 [-1.189, 1.303]
(0.064) (0.024)

x2 0 0.030 0.002 [-1.327, 1.198]
(0.064) (0.024) N/A

σ 4 9.852 . .
(0.399)

σζ 2.982 . 2.823 .
(0.077)

ρ 1 . 1.027 .
(0.015)

(σε, σξ) (2,3) . . [0.677, 4.970]
N/A

Observations 10000 10000 10000
Computation Time 1 2 21085

Notes: Standard errors in parentheses. Parameters are in monetary units. Estimates relate to expres-
sions (11), (16), and (A.11), respectively. The moment inequalities estimate bounds for σε under the
assumptions in Appendix A and σξ under those in Appendix C. All data is generated in Stata using
random seed 1234. Computation time is rounded to the nearest whole second.
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